


RAM quantities of interest are definite integrals

Some Examples:

1) Unreliability @mission time ty;:

Fr(tmiss) = PAT < tpiss) = P{q(Ty, ..., Ty ) < tmiss } =
=P{q(Ty, ...Ty) < tpiss } = J fr,..m, (E1, e, t) dtg . diy,
(t1,utn):q(t1,wtn)<tmiss
* T;=Failure time of component i
« T=q(Ty,..,T,) =System failure time
Examples for q:
o Series system 2 q(Ty, ..., T, ) = min(Ty, ..., Ty,)
o Parallel system 2 q(Ty, ..., T,, ) = max(Ty, ..., T,)

2) MTTF = [t fr(t)dt
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MC Estimation of
Definite Integrals
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MC Evaluation of Definite Integrals (1D)

b b
G =f h(x)dx =f g(x) fx(x)dx

4

fi(x)20
* X is arandom variable with pdf fx(x): o
« g(x)is arandom variable \L £y (x) dx =1

4

b
Fla@] = | 9 fuGdx =6
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MC Evaluation of Definite Integrals (1D)

Problem - Estimate E[g(x)]

Solution = Dart Game

1) fori=1,2,...,N B
o Sample X; from fx (x) __ * the probability that a shot X; hits [x, x + dx] is f(x)dx
o Compute g(X;) e the award is g(X;)
End

2) Compute

1 N
72,000 =3
1=1

Random variable!

>

Var[Gy] ElGN]
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MC Evaluation of Definite Integrals (1D)

Problem - Estimate E[g(x)]

Solution = Dart Game

1) fori=1,2,...,N B
o Sample X; from fx (x) __ * the probability that a shot X; hits [x, x + dx] is f(x)dx
o Compute g(X;) e the award is g(X;)
End

2) Compute

1 N
72,000 =3
1=1

Random variable!

>

Var[Gy] ElGN]

Is Gy a good estimator of E[g(x)] ?
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MC Evaluation of Definite Integrals (1D)

Characteristics of a good estimator:

* Unbiased 2 E[Gy] = G

* Consistent > lim E[(Gy—G)*]=0

N—->+o00
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MC Evaluation of Definite Integrals (1D): Why G, s
iIs a good estimator of G?

G, is a random variable with:

N
E[GN] =E|=

N
Elg(x)] = %Z Elg)] = 6

im1

N
ONCOIE
i=1

Var|Gy] = Var

N
N
Z Varlg(x)] = - Varlg()]
$

G, is an unbiased estimator of G: E[GN]= G

G, is a consistent estimator of G: 1\1,1_1,20 Var|Gy] = 0
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MC Evaluation of Definite Integrals (1D)

Example

1
G=j cos| Zx lav = 2 = 0.6366
0 2 T

How can we write the integral for
MC estimation?

flx) =7 g(x) =7
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MC Evaluation of Definite Integrals (1D)

Example

1
G=j cos| Zx lav = 2 = 0.6366
0 2 T

By setting:

f(x)=1 for xe[O,l]

g(x)= cos(% xj

We perform N=10% trials:

N N
1 1 T
) ‘ Gy = NZ g(X;) = NZ cos (EX") = 0,6342
l= 1=

Xi — U[O,l)

T
g(x;) = cos (EXI:
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MC Evaluation of Definite Integrals (1D)

Example

1
G = I cos(Z xjdx
0 2
x; = U[0,1)

N
T 1 1 T
= 4 i N i) = _Xl e — ) — — —_X. =
We perform N=10% trials:  g(x;)) = cos <2 ) - Gy NZg(Xl) NZ cos (2 Xl) 0,6342
N = 104— =1 =1

Var|G, |= % Var|g(x)|= % (E[g2 ()1 (Elg(x)])? ):

=z |~
|
C A0

Unknown in a practical case!
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MC Evaluation of Definite Integrals (1D)

Example

1
G= j cos(Z xjdx
0 2
x; = U[0,1)

N
T 1 1 T
We perform N=10% trials:  g(x) = cos (S X, ‘ = 2> gty = 5> eos (2x) =
perform N=10* trials g <2 ) Gy N. g(Xy) N. cos 2Xl 0,6342
N = 10% =1 =1

S
—
Q
=
Il
| —
S
—
0Q
—_
!
=
Il
| —
IS
oQ
\]
—
&~
=
I
—~
=,
0Q
—~
~
=
S
[\
Il
= |-
I

Unknown in a practical case!
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MC Evaluation of Definite Integrals (1D)

Example
1
G= I cos(Z xjdx
0 2
x; - U[0,1) N N
We perform N=10* trials: g(x;) = cos(=X,) 1 1 T\
N = 104 2 Gy _Nzg(xi) —Nz cos (EXL'> = 0.6342

{F
VarlG, = Varlg(ol=— (Ble* (0] - (Elg]? )= (Ble* (k) - 62)

¥

G 0.6342

They can be computed during the MC simulation!
E[g?(x)]
~i 2 A2 10-6
VarlGyl= N(g G ) Estimated Variance!

N 4

G =0.6342++/9.6-10° = 0.6342+0.0031 True value is 0.6366
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MC Integral: interpretation of the variance (1)

CENTRAL LIMIT THEOREM:

For large N, the distribution of (), converges to a Gaussian distribution with mean G and
. 1
variance ¢, = ~Var[g(x)]:

N - 400 = Gy ~N(G,U§N)

KNOWING THAT, FOR A GENERIC GAUSSIAN DISTRIBUTION N (u, %) :

u+k-c 0.683 (fork =1)
Pxelu—k-o,u+k-o]) = j N(x; u,0%)dx ~ < 0.954 (fork = 2)

H=k-o 0.997 (fork = 3)

IT FOLLOWS THAT:

0.683 (fork =1)
P(Gye|G—k 05, G+k-og,]) ~ < 0.954 (for k = 2)
0.997 (fork = 3)
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MC Integral: interpretation of the variance (2)

G A MC
N MC ' '
. . simulation 10
simulation 1 MC N=10000
N=10000 Simulation 2 )

N=10000 1 @
@ @ GN (] o
GN_+_GGN 1 T

. (J il GN L4 1 GN [ GN !
N e GN ° -1 T .
BN Gy C —— Gy ¢ —%
Gy — Oy N o Nt S Nt
unknown
P(G, e [M+ o, ])=0.68
v

P(Ge[G, -0, ;G +o, |)~0.68
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Definite Integral — Monte Carlo Vs Deterministic 3

Numerical Integration

* Why Monte Carlo instead of deterministic numerical integration?

Because the latter suffers from two major issues when dealing with
highly multidimensional problems:

1. The number of function evaluations (grid) increases combinatorially
with the number of dimensions

2. The boundaries of the multidimensional integration domain D
become intractable
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Estimation error — variance reduction

* The estimate G becomes more precise (less uncertain) as the estimator
variance Var|Gy| decreases!
: 1
* How can we achieve lower Var|Gy] = NVar[g(x)]?
1. Increasing the number N of MC trials = “brute force”

2. Decreasing Var[g(x)]= variance reduction techniques

G =) 10000 sk )7 b

Forced (biased) MC simulation
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Some Examples of MC
Estimation of RAM
quantities of Interest
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Unreliability estimation example

T T T = System failure time
: 2 Ty = fr,(t1) Y 4

-

T, =~ sz (t,) Ti= fr,(t;) = Component failure time

} FT(tmiss) P77
+oco

fr(e)dt = f L (O fr(Dde

0

tmiss

FT(tmiss) — P{T < tmiss) — j
0

with:

I,(t) = {1 Y €< bniss } I,()= 1] I,()=0

0 otherwise

v

tmiss t

b

G = j g(Of(dx = E[g()]

G = FT(tmiss) g(x) = Ig(t) f(x) = fT(t)
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Unreliability estimation example

fr,() = ie™" £, =8760h
— -4h-1
. 0= o200
& ’ Ay =5103h1
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Unreliability estimation example

fr,() = ie™" £, =8760h
— -4h-1
. 0= o200
& ’ Ay =5103h1

ln(l r;),r; = U[0,1)

N =10000 2 Agys = A1 + A, = fori=1,..,N > t; = —7
sys

1 1ift <t,;
Fy(tmiss) = _Zl (t;) = 0,9891 where Ig(ti) - {0 fotlherﬁ.fg
i=
N

1

Var[Fy(t I I(t) — F2(t,; ~1F(t-)—F2(t-) =1,08107°

ar N( mlSS) N N N mLSS) NN N miss N miss )
i=1

TRUE VALUE OF SYSTEM UNRELIABILITY = 1 — e~(1+42)tmiss = 0,9895
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Unreliability estimation example

Repeating the system unreliability estimation 1000 times ...

1 a=0955
0.994 | 1 a=0683
Llrrelm
0992
E ] _ |
= 099r ]
L]
©
c 1 i
-
oess | + 1 L &
0.986 1
Validation 1 =0.661
Validation 2 =0.955
0.984

o 2 4 6 B 10 12 14 16 18 20
MC simulation
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Unreliability estimation (time evolution)

%1073

1

09t
08t
07t
06 F
Sost
04F
03t

02

017

0

0 1000 2000 3000 4000 5000 6000 7OOO 8000 9000 0 1000 2000 3000 4000 5000 6000 7000 BOO0 9000
Time [n] Time [h]
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MTTF estimation example

+ oo

MTTF =j t fr(t) dt
0
b
G = j 9(Of()dx = E[g()] G=MITF gl =t fG)=fr®)

Exponential failure time T
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MTTF estimation example

+ oo

MTTF =j t fr(t) dt
0
b
G = j 9(Of()dx = E[g()] G=MITF gl =t fG)=fr®)

Exponential failure time T

Considering N = 10000 trials:

N
1
MTTFy = Nz T, = 498 h
i=1

N
1{(1 , ,
Var[MTTFy] ~ | | v ) . T? | =~ MTTF{ | =0,0024 h
i=1

TRUE VALUE OF SYSTEM MTTF = )ll =5h
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MTTF estimation example

Repeating the system MTTF estimation 1000 times ...

53 F - - - - - ' - - ' ]
1 a~=o0m055
T T a=0883
50 | MTTF,_ | -

MTTF
tn

Validation 1 =0.689
Validation 2 =0.957

4_? = i i i i i i i i i i =
0 2 4 6 8 10 12 14 16 18 20

MC simulation
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